Fermion fields with the internal degrees of freedom described in Clifford space carry in any dimension d a half integer spin -1 2 . There are two kinds of spins in Clifford space. The spincharge-family theory ([1-3, 9], and the references therein), assuming even d = (13 + 1), uses one kind of spins, S ab , to describe in d = (3+1) spins and charges of fermions, while the other kind,S ab , takes care of families. The creation and annihilation operators, written each as a product of nilpotents and projectors of an odd Clifford character, fulfill the anticommutation relations as required in the second quantization procedure for fermions. It is proven in this paper that also in Grassmann space there exist the creation and annihilation operators of an odd Grassmann character, which fulfill as well the anticommutation relations for fermion fields. However, while the internal spins determined by the generators of the Lorentz group of the Clifford objects S ab andS ab are half integer, the internal spins determined by the Grassmann objects S ab are integer. Grassmann space offers no families. We discuss here the quantization procedure -first and second -of the fields in both spaces, presenting for the Grassmann case also the action, the basic states and the solution of the "Weyl" equation for free massless fermion fields in order to try to understand why the Clifford algebra "wins in the competition" for the physical (observable) degrees of freedom for fermions.
I. INTRODUCTION
It is proven in this paper that besides Clifford space also Grassmann space offers the description of the internal degrees of freedom of fermions in the second quantized procedure. In both cases there exist the creation and annihilation operators, which fulfill the anticommutation relations required for fermions Eqs.(42, 61). But while the internal spins determined by the generators of the Lorentz group of the Clifford objects S ab andS ab -in the spin-charge-family theory S ab determine the spin degrees of freedom andS ab the family degrees of freedom -are half integer, the internal spin determined by S ab (expressible with S ab +S ab , which appear in the spin-charge-family theory to describe spins an families) is integer. Assuming that "nature knows" all the mathematics, the question arises: Why our universe "uses" Clifford rather than Grassmann coordinates, although both lead in the second quantization procedure to the anticommutation relations required for fermion degrees of freedom? Is the answer that Clifford degrees of freedom offer the appearance of families, the half integer spin and charges in the fundamental representations of the groups? Can the choice of the Clifford degrees of freedom explain why the simple starting action of the spin-charge-family theory of one of us (N.S.M.B.) [3] [4] [5] [6] [7] [8] [9] is doing so far extremely well in manifesting the so far observed properties of fermion and boson fields in the low energy regime?
These questions, too demanding for this paper, offer only a trial to make first steps towards understanding them.
In the working hypothesis (of N.S.M.B.) that "nature knows all the mathematics" both "coordinates", Grassmann and Clifford, could be used to describe the internal degrees of freedom of fermions. In a trial to understand why Grassmann space "is not the choice of nature", at least not in the low energy regime, it must be noticed that the existence of two kinds of γ's -γ a 's andγ a 's of the spin-charge-family theory -enables to describe not only the spin and charges of fermions, but also the families of fermions, in the first and second quantized theory of fields, and also to understand the origin of scalar fields, which are responsible for masses of family members (quarks and leptons) and of the weak gauge fields [30] .
This work is a part of the project of both authors, which includes the fermionization procedure of boson fields (or the bosonization procedure of fermion fields), discussed in Refs. [11, 12, 14] for any dimension d (by the authors of this contribution, while one of them, H.B.F.N. [13] , has succeeded with another author to do the fermionization for d = (1+1)), and which would hopefully also help to understand a little better the content and dynamics of our universe.
In the spin-charge-family theory [3] [4] [5] [6] [7] [8] [9] 20 ] -which offers explanations for all the assumptions of the standard model, with the appearance of families, the scalar higgs and the Yukawa couplings included, offering also the explanation for the matter-antimatter asymmetry in our universe and for the appearance of the dark matter -a very simple starting action for massless fermions and bosons in d = (13 + 1) is assumed, in which massless fermions interact with only gravity, the vielbeins f α a (the gauge fields of moments p a ) and the two kinds of the spin connections (ω abα and ω abα , the gauge fields of the two kinds of the Clifford algebra objects γ a andγ a , respectively).
with p 0a = f α a p 0α + 1 2E {p α , Ef α a } − , p 0α = p α − 1 2 S ab ω abα −
2S
abω abα and R = 
One kind of the objects, the generators S ab , are used in the spin-charge-family theory to determine spins and charges of spinors of any family, another kind,S ab , determines the family quantum numbers. Here [31] f α[a f βb] = f αa f βb − f αb f βa .
The scalar curvatures R andR determine dynamics of the gauge fields -the spin connections and the vielbeins -manifesting in d = (3 + 1) as all the known vector gauge fields as well as the scalar fields [5] , which offer the explanation for the appearance of the higgs and the Yukawa couplings, of the ordinary matter/antimatter asymmetry [4] and the dark matter [10] , provided that the symmetry breaks from the starting SO(13, 1) to SO(3, 1) × SU (3) × U (1).
In Grassmann space the infinitesimal generators of the Lorentz transformations S ab are expressible with anticommuting coordinates θ a and their conjugate momenta p θa [2] {θ a , θ b } + = 0 , {p θa , p θb } + = 0 , {p θa , θ b } + = i η ab ,
Taking into account that γ a andγ a are expressible in terms of θ a and their conjugate momenta
one recognizes
from where one concludes, if taking into account Eq. (1) , that in the Grassmann case the covariant momenta p 0α are
with Ω abα as the only kind of the connection fields (instead of the two kinds in the Clifford case -ω abα , which is the gauge fields of S ab andω abα , which is the gauge fields ofS ab ).
It follows for S ab
The same relations are true also if S ab is replaced with either S ab orS ab . These infinitesimal generators of the Lorentz group -the two kinds of the Clifford operators and the Grassmann operators -operate as follows
where M ab are defined in the Clifford case by the sum of L ab plus either S ab (if γ a 's are chosen to describe the basis, otherwiseS ab replace S ab ), while in the Grassmann case
We present in what follows the first and the second quantization of the fields, the internal degrees of freedom of which are described by Grassmann coordinates θ a , and, for comparison, as well as of the fields, the internal degrees of freedom of which are described by the Clifford coordinates γ a (or γ a ). In both cases fermions interact with gravity only: with vielbeins and -in the Grassmann case with the spin connection fields Ω abα as the gauge fields of S ab , and in the Clifford case with ω abα as the gauge fields of S ab andω abα as the gauge fields ofS ab .
The action is in the Clifford case taken from the spin-charge-family theory, Eq. (1), while in the Grassmann case it is defined in Eq.(33).
In all these cases we mostly comment free massless fermion fields; masses of the fields in d = (3 + 1) are in the spin-charge-family theory due to their interactions with the gravitational scalar fields with the space index s > 4, determined by the scalar vielbein or spin connection fields ( [1] [2] [3] [4] [5] [6] [7] [8] [9] , and the references therein). Also in the Grassmann case the mass terms manifesting in d = (3 + 1)
are assumed to follow due to the interactions of massless fermion and boson fields with the scalar gravitational fields, vielbeins or spin connection fields, with the space index s > 4.
II. SECOND QUANTIZATION IN GRASSMANN AND IN CLIFFORD SPACE
We present in this section properties of fermion fields with the integer spin in d-dimensional space, expressed in terms of the Grassmann algebra objects, and the fermion fields with the half integer spin, expressed in terms of the Clifford algebra objects. Since the Clifford algebra objects are expressible with the Grassmann algebra objects, Eq. (4), the norms of both are determined by the integral in Grassmann space, Eqs. (25, 27) [32].
a. Fields with the integer spin in Grassmann space
A point in d-dimensional Grassmann space of anticommuting coordinates θ a , (a = 0, 1, 2, 3, 5, . . . , d), is determined by a vector {θ a } = (θ 0 , θ 1 , θ 2 , θ 3 , θ 5 , . . . , θ d ). A linear vector space over the coordinate Grassmann space has correspondingly the dimension 2 d , due to the fact that (θ a i ) 2 = 0 for any a i ∈ (0, 1, 2, 3, 5, . . . , d).
Correspondingly are fields in Grassmann space expressible in terms of the Grassmann algebra
where |φ og > is the vacuum state, here assumed to be |φ og >= |1 >, so that ∂ ∂θ a |φ og >= 0 for any θ a . The Kalb-Ramond boson fields a a 1 a 2 ...a k are antisymmetric with respect to the permutation of indexes, since the Grassmann coordinates anticommute {θ a , θ b } + = 0, Eq. (3).
The left derivative ∂ ∂θa on vectors of the space of monomials B(θ) is defined as follows
The commutation relations are for p θa = i ∂ ∂θa defined in Eq. (3), where the metric tensor η ab (= diag(1, −1, −1, . . . , −1)) lowers the indexes of a vector {θ a }: θ a = η ab θ b (the same metric tensor lowers the indexes of the ordinary vector x a of commuting coordinates).
it follows
Making a choice for the complex properties of θ a , and correspondingly of ∂ ∂θa , as follows
it follows for the two Clifford algebra objects
, that γ a is real if θ a is real, and γ a is imaginary if θ a is imaginary, whileγ a is imaginary when θ a is real andγ a is real if θ a is imaginary, just as it is required in Eq. (19) .
Applying the operator S ab of Eq. (3) on the "state"
We define here the commuting objects γ a G , which will be helpful when looking for the appropriate action for Grassmann fermions, Eq. (33). These operators will be needed also when looking for the definition of appropriate discrete symmetry operators in the Grassmann case. Following the definition of the discrete symmetry operators in the Clifford algebra case [21] 
space-time and in (3 + 1) space-time, the discrete symmetry operators (
and (C N G , T N G , P N G ) in (3 + 1) will be defined, respectively.
Index a is not the Lorentz index in the usual sense. γ a G are commuting operators for all (a, b). They are real and Hermitian.
Correspondingly it follows: γ a † G γ a G = I, γ a G γ a G = I. I represents the unit operator. 
|φ og >= |1 >, Eq. (14) . All the states of the representation, which starts with this state, follow by the application of those S ab , which do not belong to the Cartan subalgebra of the Lorentz algebra.
S 01 , for example, transforms this starting state into (
b. Fields with the half integer spin in Clifford space
Let us present as well the properties of the fermion fields with the half integer spin, expressed by the Clifford algebra objects ( [1-5, 9, 16] and the references therein)
where |ψ oc > is the vacuum state. The Kalb-Ramond fields a a 1 a 2 ...a k are again in general boson fields, which are antisymmetric with respect to the permutation of indexes, since the Clifford objects have the anticommutation relations, Eq. (2), {γ a , γ b } + = 2η ab . The linear vector space over the Clifford coordinate space has, as in the Grassmann case, the dimension 2 d , due to the fact that (γ a i ) 2 = η a i a i for any a i ∈ (0, 1, 2, 3, 5, . . . , d).
As written in Eq. (4), γ a are expressible in terms of the Grassmann coordinates and their conjugate momenta, as γ a = (θ a − i p θa ), andγ a = i (θ a + i p θa ), with the anticommutation relation
Taking into account Eqs. (11, 12, 4) one
where I represents the unit operator. Making a choice for the θ a properties as presented in Eq. (13), it follows for the Clifford objects
Applying the operators S ab andS ab , Eq. (2), on
One could make a choice ofγ a instead of γ a and change correspondingly relations in Eq. (20) .
All three choices for the linear vector space -spanned over either the coordinate Grassmann space, or over the vector space of γ a , as well as over the vector space ofγ a -have the dimension
We can express Grassmann coordinates θ a and momenta p θa = i ∂ ∂θa in terms of γ a andγ a as well [34]
It then follows, taking into account Eqs. (22, 49) ,
Correspondingly we can use either γ a orγ a instead of θ a to span the vector space. In this case we change the vacuum from the one with the property ∂ ∂θ a |φ og >= 0 to |ψ oc > with the property [2, 7, 9] 
This is in agreement with the requirement
The 
a. Norms of Grassmann vectors
Let us define the integral over the Grassmann space [2] of two functions of the Grassmann coordinates < B|θ >< C|θ >, < B|θ >=< θ|B > † , by requiring
with ∂ ∂θa θ c = η ac . We shall use the weight function ω = Π d k=0 (
where, according to Eq. (11), it follows:
The vacuum state is chosen to be |φ og >= |1 >, as assumed in Eq. (9).
The norm < B|B > is correspondingly always nonnegative. Let us notice that the choice that the Hermitian conjugated value of θ a is ∂ ∂θ a ((θ a ) † = η aa ∂ ∂θa , Eq. (11)), makes that we easily evaluate in any d the scalar product < φ og (
b. Norms of Clifford vectors
To evaluate norms in the Clifford space for vectors of Eq. (17) we can use as well Eqs. (24, 25) , if expressing γ a (or equivalentlyγ a ) in terms of θ a and p θa : < (θ a − ip θa )|F > (or equivalently < (θ a + ip θa )|F >), Eq. (4). In this case |ψ oc >= |φ og >= |1 >. It follows
. .γ b k |φ oc > and taking |ψ oc >= |φ og >= |1 >, the scalar product
To simplify the evaluation we use instead [3, 16] in the Clifford case the vacuum state |φ oc >, Eq. (59), which is the product of projectors, Eq. (50). It takes care of the orthogonality of states as we would evaluate the integration in Grassmann space.
Correspondingly we can write
The norm of each scalar term in the sum of F is nonnegative.
c. We have learned:
In both spaces -Grassmann and Clifford -norms of basic states can be defined so that the states, which are eigenvectors of the Cartan subalgebra, are orthogonal and normalized using the same integral.
Studying the second quantization procedure in Subsect. II C we learn that not all 2 d states can be represented as creation and annihilation operators, either in the Grassmann or in the Clifford case, since they must -in both cases -fulfill the requirements for the second quantized operators, either for states with integer spins in Grassmann space or for states with a half integer spin in Clifford space.
B. Actions in Grassmann and Clifford space
We construct an action for free massless fermion in which the internal degrees of freedom is described: i. in Grassmann space, ii. in Clifford space. In the first case the internal degrees of freedom manifest integer spins, in the second case the half integer spin.
While the action in Clifford space is well known since long [22] , the action in Grassmann space will be defined here. In both cases we present an action for free massless fermions in ( 
a. Action in Clifford space
In Clifford space the action for a free massless fermion must be Lorentz invariant
p a = i ∂ ∂x a , leading to the equations of motion
which fulfill also the Klein-Gordon equation
for each of the basic states |ψ α i >. Correspondingly γ 0 appears in the action since we pay attention that
All the states, belonging to different values of the Cartan subalgebra -they differ at least in one value of either the set of S ab or the set ofS ab , Eq. (B4) -are orthogonal according to the scalar product, defined as the integral over the Grassmann coordinates, Eq. (24), for a chosen vacuum state |1 >. Correspondingly the states generated by the creation operators, Eq. (56), on the vacuum state, Eq. (59), are orthogonal as well (both last equations will appear later).
b. Action in Grassmann space
We define here the action in Grassmann space, for which we require -similarly as in the Clifford case -that the action for a free massless fermion is Lorentz invariant.
We use the integral over θ a coordinates with the weight function ω from Eq. (24) . Requiring the Lorentz invariance we add after φ † the operator γ 0
, which takes care of the Lorentz invariance. Namely
while θ a , ∂ ∂θa and p a transform as Lorentz vectors. The equations of motion follow from the action, Eq. (33),
as well as the Klein-Gordon equation
for superposition (of each of the two groups) of the basic states |φ k i >, k = (1, 2), Eqs. (41, 45). We shall see that, if one identifies the creation operators in both spaces with the products of odd numbers of either θ a -in the Grassmann case -or γ a -in the Clifford case -and the annihilation operators as the Hermitian conjugate operators of the creation operators, the creation and annihilation operators fulfill the anticommutation relations, required for fermions. The internal parts of states are then defined by the application of the creation operators on the vacuum state.
But while the Clifford algebra defines states with the half integer "eigenvalues" of the Cartan subalgebra operators of the Lorentz algebra, the Grassmann algebra defines states with the integer "eigenvalues" of the Cartan subalgebra operators.
c. We learn:
In both spaces -in Clifford and in Grassmann space -there exists the action, which leads to the equations of motion and to the corresponding Klein-Gordon equation for free massless fields.
C. Second quantization of Grassmann and Clifford vectors
States in Grassmann space as well as states in Clifford space are organized to be -within each of the two spaces -orthogonal and normalized with respect to Eq. (24, 25, 26) . All the states in each of spaces are chosen to be eigenstates of the Cartan subalgebra -with respect to S ab in Grassmann space, and with respect to S ab andS ab in Clifford space, Eq. (B4). 
We first pay attention on only the internal degrees of freedom of the Grassmann fermions: the spin.
The vacuum state |φ og > is in this case chosen to be |1 >.
The identity I (I † = I) can not be taken as a creation operator, since its annihilation partner does not fulfill Eq. (37).
We can use the products of superposition of θ a 's as creation operators and correspondingly products of superposition of ∂ ∂θa 's as annihilation operators, provided that they fulfill the requirements for the creation and annihilation operators, Eq. (42), with the vacuum state |φ og >= |1 >.
In general they would not. Only an odd number of θ a in any product would have the required anticommutation properties.
To construct creation operators it is convenient to take products of such superposition of vectors θ a and θ b that each factor is the "eigenstate" of one of the Cartan subalgebra members of the Lorentz algebra (B4). Let us start with the creation operator, which is a products of 
Let us in d = 2(2n + 1), n is a positive integer, start with the state
The rest of states, belonging to the same Lorentz representation, follow from the starting state by the application of the operators S cf , which do not belong to the Cartan subalgebra operators.
One can find creation and annihilation operators for d = 4n in App. A.
i. We proposed in Eq. (39) the starting creation operatorb θ1 1 , the upper index indicates one of the two groups, the lower index indicates the starting state. By taking into account Eqs. (11, 12) the starting creation operator and its annihilation partner are for d = 2(2n + 1) equal tô
The rest of creation operators belonging to this group (group 1) in d = 2(2n + 1) follow by the application of all the operators S ef , which do not belong to the Cartan subalgebra operators. The corresponding annihilation operators are the Hermitian conjugated values of a particular creation operator. For d = 2(2n + 1) one finds by the application of S 01 another creation operator and the corresponding annihilation operator as followŝ
It was taken into account in the above equation that any S ac (a = c), which does not belong to Cartan subalgebra, Eq.(B4), transforms (
The states are normalized and the simplest phases are assumed. One evaluates that S ab (θ a ± ǫθ b ) = ∓i η aa ǫ (θ a ± ǫθ b ), ǫ = 1 for η aa = 1 and ǫ = i for η aa = −1, while either S ab or S cd , applied on (θ a θ b ± ǫθ c θ d ), gives zero. The vacuum state is in all these cases |1 >.
Although all the states, generated by creation operators, which include one (I ± ǫθ a θ b ) or However, creation operators which are products of several θ's, θ a 1 · · · θ an , let say n with n = 2, 4 . . . 
It is not difficult to see that states included into one representation, which started withb 
ii. There is one additional group of creation and annihilation operators in d = 2(2n + 1), which follow from the starting state
This state can not be obtained from the previous group of states, presented in Eqs. (40, 41) by the application of S ef , since each S ef changes an even number of factors, never an odd one.
Correspondingly the above starting state forms a new group of states in d = 2(2n + 1). All the other states of this new group of states follow from the starting one by the application of S ef . The corresponding creation and annihilation operators arê
As in the case of the first group all the rest of creation operators are obtainable from the starting one by the application of S ac , and the annihilation operators by the Hermitian conjugation of the creation operators.b
Also all these creation and annihilation operators fulfill the requirements for the creation and 
If we now extend the creation and annihilation operators to the ordinary coordinate space, (x 0 , x), the relations among creation and annihilation operators at a chosen time read
Again
i ) represent creation and annihilation operators of one of the two groups of states, reachable by S ab .
b. Second quantization in Clifford space
In Grassmann space the requirement that products of "eigenstates" of the Cartan subalgebra Let us study what happens, when, let say, γ a 's are used to create the basis and correspondingly also to create the creation and annihilation operators. Here we briefly follow Ref. [19] .
Let us point out that γ a is expressible with θ a and its derivative (γ a = (θ a + ∂ ∂θa )), Eq. (4), and that we again require that creation (annihilation) operators create (annihilate) states, which are "eigenstates" (Eq.C2) of the Cartan subalgebra operators, Eq. (B4). Then the application of γ a on any Clifford algebra object determined by γ a 's can be evaluated as follows, Eq. (22, 23), 
where k 2 = η aa η bb . Recognizing that the Hermitian conjugate values of ab (k) and
while the corresponding "eigenvalues" of S ab andS ab on nilpotents and projectors, Eq. ( Eq. (20),
we find for d = 2(2n + 1) that from the starting state made as a product of an odd number of only 
with S ab † = η aa η bb S ab . We make a choice of the proportionality factors so that the corresponding states |ψ 1 i >=b
†
i |ψ oc > are normalized [19, 20] 53), by the application of eitherS ef , which change the family quantum number, or S gh , which change the member of a particular family or with the corresponding product of S ef andS ef
Correspondingly we defineb
This last expression follows due to the property of the Clifford objectγ a and correspondingly of S ab , presented in Eqs. (49, C8).
The proportionality factor ought to be chosen so that the corresponding states |ψ α i >=b α † i |ψ oc > are normalized when the vacuum state |ψ oc > is normalized, < ψ oc |ψ oc >= 1, while all the states belonging to the physically acceptable states, like
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not give zero for either d = 2(2n + 1) or for d = 4n. We also want that states, obtained by the application of ether S cd orS cd or both, are orthogonal. To make a choice of the vacuum it is needed to know the relations of Eq. (C4). It must be
We must choose the vacuum state that fulfills the above requirements as well as the requirementŝ [−]
n is a positive integer. There are 2 Paying attention on only internal degrees of freedom, that is on spin, the creation and annihilation operators must fulfill the relations
with (i, j) determining family members quantum numbers and (α, β) denoting family quantum numbers.
Only Clifford odd objects fulfill the commutation relations of Eq. (61), since the Clifford even
The reader can find the detailed proofs for the above statements in Refs. [19, 20] .
Let us extend the creation and annihilation operators to the ordinary coordinate space (x 0 , x)
with the vacuum state |φ oc > defined in Eq. (59). 
describes on a vacuum state a single particle in the state Ψ p with a positive energy
so that the anti-particle state becomes
We distinguish in d-dimensional space two kinds of discrete operators C, P and T operators with respect to the internal space which we use.
In the Clifford case we have [21] 
The product γ a is meant in the ascending order in γ a .
In the Grassmann case we correspondingly define Let us define in the Clifford case and in the Grassmann case the operator "emptying" (which empties the Dirac sea) [7, 9] (arXiv:1312.1541), so that operation of "emptying N H " after the charge conjugation C H in the Clifford case and "emptying N G " after the charge conjugation C G in the Grassmann case (each of them, C H and C G , transforms the state put on the top of either the Clifford or the Grassmann Dirac sea into the corresponding negative energy state) creates the anti-particle state to the starting particle state, each anti-particle state put on the top of the Dirac sea and any of the two solving the Weyl equation, either in the Clifford case, Eq. (30), or in the Grassmann case, Eq. (35), for free massless fermions
although we must keep in mind that indeed the anti-particle state is a hole in the Dirac sea from the Fock space point of view. The operator "emptying" is bringing the single particle operator C H in the Clifford case and C G in the Grassmann case into the operator on the Fock space in each of the two cases. Then the anti-particle state creation operator -Ψ † a [Ψ p ] -to the corresponding particle state creation operator -can be obtained also as follows
with indexes H and N H denoting the Clifford case and with G and N G denoting the Grassman case.
Each of the operators C H and C
operating on Ψ p ( x) transforms the positive energy fermion state (which solves the corresponding Weyl equation for a massless free fermion in each of cases) put on the top of the Dirac sea into the positive energy anti-fermion state, which again solves the corresponding Weyl equation for a massless free anti-fermion put on the top of the Dirac sea. Let us point out that either the operator "emptying N H " or the operator "emptying N G " transforms the single particle operator either C H or C G into the operator operating in the Fock space.
We use the Grassmann even, Hermitian and real operators γ a G , Eq. (15), to determine discrete symmetries in Grassmann space for ((d + 1) − 1) space (as presented in Eq. (65)) and for (3 + 1) space. In the Clifford case and (3 + 1) space we follow Ref. [21] . In the Grassmann case we determine the discrete symmetries in (3 + 1) space as follows
Let us illustrate "Grassmann fermions" in the case of d = 5 + 1, before the break, as well as after the break of d = 5 + 1 into d = 3 + 1, when the fifth and the sixth dimension determine the charge in d = 3 + 1. There are two decuplets in this case [15] , both of an odd Grassmann character, which can be second quantized. There are two triplets in the first decuplet-(ψ I N G , Eq. (69), transforms the particle state ψ I 3 with the positive energy into the anti-particle state ψ I 4 with the positive energy. All these states belong to the same representation, the same decuplet.
Applying the Grassmann even operators on one of the states of one of the decuplets - To understand better the difference in the description of the fermion internal degrees of freedom with either Clifford or Grassmann space, let us replace in the starting action of the spin-charge-family theory, Eq. (1), using the Clifford algebra to describe fermion degrees of freedom, the covariant momentum p 0a = f α a p 0α , p 0α = p α − The spin-charge-family theory (using Clifford objects) offers the explanation for all the assumptions of the standard model of elementary fields, fermions and bosons, vector and scalar gauge fields, with the appearance of families included, explaining also the phenomena like the existence of the dark matter [10] , of the matter-antimatter asymmetry [4] , offering correspondingly the next step beyond both standard models -cosmological one and the one of the elementary fields.
We do notice, however, that the Grassmann degrees of freedom do not offer the appearance of families at all.
We also notice that the second quantization procedure allows in d = 2(2n+1)-dimensional space for each member of a Weyl representation in Clifford space (for each of 2 We notice that in the case that Grassmann space describes the internal degrees of freedom of fermions and d = 2(2n + 1) only twice two isolated groups of
states of an odd Grassmann character can be second quantized.
To come to the low energy regime the symmetry must break, first from SO(13, 1) to SO(7, 1) × SU (3) × U (1) and then further to SO(3, 1) ×SU (3) × U (1), in both spaces, in Grassmann and in Clifford. In Clifford case there are two kinds of generators and correspondingly two kinds of symmetries. We learned in Refs. [23] [24] [25] Could the fermionization procedure of boson fields or the bosonization procedure of fermion fields, discussed in Ref. [12] for any even dimension d (by the authors of this contribution, while one of them (H.B.F.N. [13] ) has succeeded with another author to do the fermionization for d = (1 + 1)) tell more about the "decisions" of the universe in the history?
Although we have not yet learned enough to be able to answer these questions, yet we have learned at least that the description of the fermion internal degrees of freedom in Grassmann space is possible. However, such fermions would manifest integer spins and charges in the adjoint representations of the corresponding groups, would not offer families, and would not be in agreement with the spin and charges and other observations so far. We also have learned that if there are no fermion present only one kind of dynamical fields manifests, since either ω abα orω abα are uniquely expressed by vielbeins ( [9] Eq. (C9) and references therein), which could mean that the appearance of the two kinds of the spin connection fields might be due to the break of symmetries.
In Eq. (39) we define in Grassmann space a possible starting creation operator for d = 2(2n + 1) spaces. In d = 4n we correspondingly start with the state
generated by the creation operator b θ1 † 1 , which is, as it aught to be -like in the d = 2(2n + 1) case -of an odd Grassmann character to fulfill the anticommutation relations for fermions, Eq. (48).
Again the rest of states, belonging to the same Lorentz representation, follow from the starting state by the application of the operators S cf , which do not belong to the Cartan subalgebra operators.
Their annihilation partners follow by Hermitian conjugation.
One finds therefore for the (chosen) starting creation and the corresponding annihilation oper-
The application of S 01 , for example, generateŝ
There is the additional group of creation and annihilation operators in d = 4n, which follows from the starting creation operatorb
All the rest of creation operators follow from the starting creation operator of each of the two groups by the (left) application of products of S ab
Only creation and annihilation operators with an odd Grassmann character, fulfill, applied on the vacuum state |1 >, the anticommutation relations required for fermions, Eq. (42).
i. Clifford space
In Eq. (53) we define in Clifford space a possible starting creation operator for d = 2(2n + 1)
spaces. In d = 4n we correspondingly start with the state with an odd number of nilpotents and with one projector 
These creation and annihilation operators -again of an odd Clifford character in 4n -fulfill the anticommutation relations of Eq. (62), if applied on the vacuum state of Eq. (59),
[−]
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n is a positive integer. There are 2 We define in Eq. (59, A8) the vacuum state |ψ oc > so that one finds
Taking the above equations into account it is easy to find a Weyl spinor irreducible represen- (The reader is advised to se also Refs. [2, 9, 16, 17, 26, 27] .) We shall here pay attention on only even d.
One Weyl representation forms a left ideal with respect to the multiplication with the Clifford algebra objects. We proved in Refs. [9, 17] , and the references therein that there is the application of the Clifford algebra object from the right hand side, which generates "families" of spinors.
Right multiplication with the Clifford algebra objects namely transforms the state with the quantum numbers of one "family member" belonging to one "family" into the state of the same "family member" (into the same state with respect to the generators S ab when the multiplication from the left hand side is performed) of another "family".
We defined in Ref. [2, 17] the Clifford algebra objectsγ a 's as operations which operate formally from the left hand side (as γ a 's do) on any Clifford algebra object A as follows, Eq. (49),
with (−) (A) = −1, if A is an odd Clifford algebra object and (−) (A) = 1, if A is an even Clifford algebra object.
Then it follows, in accordance with Eq. (4), thatγ a obey the same Clifford algebra relation as γ a .
(γ aγb +γ bγa )A = −ii((−)
and thatγ a and γ a anticommute
We may write 
If we define, Eq. (2),S
it followsS
manifesting accordingly thatS ab fulfill the Lorentz algebra relation as S ab do. Taking into account
Eq. (49), we further find
One also finds 
where handedness Γ ({Γ, S ab } − = 0) is a Casimir of the Lorentz group, which means that in d even transformation of one "family" into another with eitherS ab orγ a leaves handedness Γ unchanged.
We advise the reader to read [2] where the two kinds of Clifford algebra objects follow as two different superpositions of a Grassmann coordinate and its conjugate momentum.
We present forS ab some useful relations [32] Observations in this paper might help also when fermionizing boson fields or bosonizing fermion fields [11] .
[33] In Ref. [2] the definition of θ a † was differently chosen. Correspondingly also the scalar product needed a (slightly) different weight function in Eq. (25) .
[34] In Ref. [28] the author suggested in Eq. (47) a choice of superposition of γ a andγ a , which resembles the choice of one of the authors (N.S.M.B.) in Ref. [2] and both authors in Ref. [16, 17] and in present article.
[35] In d = (3 + 1) space masses of fermions are in both cases, Grassmann and Clifford, caused by the interaction of fermions with vielbeins and spin connections (of one kind in Grassmann case and of two kinds in Clifford case) with the space index s ≥ 5 and with nonzero vacuum expectation values.
[36] The main reason that we treat here mostly d = 2(2n + 1) spaces is that one Weyl representation, expressed by the product of the Clifford algebra objects, manifests in d = (1 + 3) all the observed properties of quarks and leptons, if d ≥ 2(2n + 1), n = 3, and that the breaks of the starting symmetry down to d = (3 + 1) can lead to massless fermions [23, 24] .
[37] In the case that we would chooseγ a 's instead of γ a 's, Eq.(4), the role ofγ a and γ a should be then correspondingly exchanged in Eq. (49).
[38] The smallest number of all the generators S ac , which do not belong to the Cartan subalgebra, needed to create from the starting state all the other members, is 2 d
